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Pappus-Guldinus Theorem:
Some Examples

lvan Luthfi lhwani, M. Sc.
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Find the centroid of a right triangle with legs a, b.

Solution:

|
<Y

d A
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Solution (continuation):

To determine the coordinates of the centroid, we will use the 2" theorem
of Pappus.

Suppose first that the triangle is rotated about the y-axis. The volume of
the obtained cone is given by

wa’b
y = 3
The area of the triangle is
4 ab
-2
Then, bu the Pappus’s theorem,
v wa’b
oo __ %y _ 3 _a
Vy = 21X A, = x__Zn = b =3
2T 7
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Solution (continuation):

Let the triangle rotate now about the x-axis. Similarly, we find the volume

v wab?
¥ 3
and the y-coordinate of the centroid:
wab?
V, = 21y A S oy -3 .7
x = LRV YT omAT,_ab” 3
1T - 7
Thus, the centroid of the triangle is located at the point
L a b
&9 = (33

which is the point of intersection of its median.
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Find the centroid of the region enclosed bu a half-wave of the sine curve
and the x-axis.

Solution:

YA

- ugm.ac.id LOCALLY ROOTED, GLOBALLY RESPECTED




Example 6

UNIVERSITAS
GADJAH MADA

Solution (continuation):

Let the point (%, ¥) denote the centroid of the figure. By symmetry, ¥ = =,
so we need to calculate only the coordinate y = m.

Using the disk method, we find the volume of the solid of revolution:

b T T (T
Vznj f2(x) dxznj sin? x dxz—j (1 — cos 2x) dx
a 0 2 0

m sin2x\ | _ 7?2
=S\X~ lo =5
2 2 2

The area under the sine curve is

b T
A=j f(x)dx=j sinx dx = (—cosx)|§ = —cosm+ cos0 = 2
a 0
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Solution (continuation):

The 2nd theorem of Pappus states that
V =Ad = 2mmA

Hence,
|74 i T
2
= = = —= 0.39
MTomA " 4n 8
Thus, the centroid of the region has the coordinates
@7 =(5.5)
) y 2 ) 8
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A curve shown in Figure below is rotated about the y-axis. Find the area of
the surface of revolution.

Solution:

.d_.___ )
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Solution (continuation):

We consider separately three sections of the curve and compute their
centroids.

1) Horizontal line segment AB

The length is L,z = 3. The centroid is located at the point Gy4p
(3.5,10);

2) Vertical line segment BC
The length is Ly = 2. The centroid is located at the point Gz = (2,9);
3) Semicircular arc CD.

The length is LCD = R = 3m. The centroid is located at the point G.p =
(X¢p, Yep), where R 6

fCD:2+?:2+;' :)_]CDZS
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Solution (continuation):

Calculate the f-coordinatg of the cegtroif G of:che whole curve:
XppLap + XpcLlpc + XcpLcp

L
Where L = Lyg + Lgc + Lcp is the total length of the curve.

X =

By the 1%t theorem of Pappus, the surface area is given by
A=Ld =2mmL

Where d is the path traversed by the centroid of the curve in one turn and
m = X is the distance from the centroid to the y-axis. Hence
A= XapLap + Xpclpc + Xcplep

L
= 310
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Thank You
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